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Extended Abstract

Abstract. We give a modified version of the vector packing algorithm
of Chekuri and Khanna [1]. The performance ratio of this algorithm
is the same as that of [1] in the worst case but beats their bound in
special cases. We also characterize classes of problem instances for which
our algorithm beats the previous best bound and the inapproximability
bound respectively.

1 Introduction

Multi-Dimensional Bin Packing (MDBP) or Vector Packing (VP) problem is
the following: given n rational vectors v1, . . . , vn ∈ [0, 1]d, pack these vectors
in minimum number of bins, say m, such that ‖

∑

i∈Bj
vi‖∞ ≤ 1 for each bin

j ∈ [m] = {1, . . . , m}. Here Bj is the set of indices of vectors assigned to bin j.
In other words we want to pack these vectors in minimum possible number of
bins such that in each bin, for each of the d components, the sum over all vectors
in that bin is at most one. The classical bin packing problem is one dimensional
version of the MDBP problem with numbers v1, . . . , vn ∈ (0, 1] replacing the
vectors.

The classical bin packing problem has been extensively studied and there
exists a large pool of literature on it, most of which can be found here [4]. Its
multi-dimensional generalization was introduced by Garey et al. [3], they gave a
polynomial time (d+1/3)-approximation algorithm. MDBP problem is NP-hard
and most of the results in this area are in the form of algorithms with asymptotic,
worst-case performance ratio. De la Vega and Lueker [9] gave an improved linear
time algorithm which gives a (d+ ε)-approximate solution for any fixed ε > 0. A
variant of MDBP problem, namely Resource Constrained Scheduling problem,
was also studied in [8]. Recently Chekuri and Khanna [1] further improved the
long standing (d + ε) bound, they gave a polynomial time algorithm that, for
any fixed ε > 0, delivers a (1 + εd + O(log ε−1))-approximate solution.
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We modify the algorithm of [1] to obtain better approximation for a class
of MDBP problem instances. To describe our results exactly we need to de-
fine two parameters first. Let ν be the minimum component among all compo-
nents in the given n vectors. Since we use the LP-relaxation of integer pro-
gram modelling the MDBP problem, let us denote by m∗ the value of the
optimum solution of our LP-relaxation. We give a polynomial time algorithm
that, for any fixed ε > ν, achieves a (1 + εq + O(log ε−1))-approximation, where

q = min{d, 1
ν Θ

(

log dm∗

log log dm∗

)

}. This leads to a classification of problem instances

for which our approximation ratio is better than the previous best. We also show
that for some of these instances our algorithm beats even the lower bound

√
d.

We first cast the MDBP problem as an IP problem in Section 2. Subse-
quently in Section 3 we present our algorithm which is analysed in Section 4.
Section 5 describes the class of problem instances which yield much better so-
lutions and we conclude with Section 6. All logarithms are base e logarithms
throughout this article.

2 Mathematical Model and Some Tools

MDBP problem can be formulated as an integer programming problem with
0/1-variables. For i ∈ [n], j ∈ [m] xij = 1 if vector vi is assigned to bin j and
xij = 0 otherwise. Now we want to minimize m such that

(a)
∑n

i=1 vk
i xij ≤ 1 ∀k ∈ [d], j ∈ [m] ,

(b)
∑m

j=1 xij = 1 ∀i ∈ [n] and

(c) xij ∈ {0, 1} ∀i, j.

Here the set of inequality constraints in (a) are nothing but the packing con-
straints ‖∑

i∈Bj
vi‖∞ ≤ 1 and the set of equality constraints (b) combined with

the integrality constraints (c) make sure that each vector is assigned to exactly
one bin. Let opt be the value of the optimal solution of the IP described above.

Let X1, X2, . . . , Xn ∈ [0, 1] be independent random variables with X =
∑n

i=1 Xi and E[X ] = µ. For our analysis we need the following:

Lemma 1. (i) (Chernoff-Hoeffding) For any δ > 0, Pr[X ≥ µ(1+δ)] ≤ G(µ, δ)
where

G(µ, δ) =

(

eδ

(1 + δ)(1+δ)

)µ

.

(ii) ∀µ > 0 and ∀p ∈ (0, 1), there exists δ = H(µ, p) > 0 such that G(µ, δ) ≤ p
and

H(µ, p) =















Θ
(√

log p−1

µ

)

if µ ≥ log p−1

2 ;

Θ
(

log p−1

µ log(log(p−1)/µ)

)

otherwise.



3 The Algorithm

We slightly modify the algorithm given by Chekuri and Khanna [1]. The modi-
fied algorithm has the same performance ratio as that of [1] in most of the cases
but in some cases it delivers better results.

Algorithm : VecPack

1. Solve the LP-relaxation of the IP given in Section 2 to obtain the optimal frac-
tional solution.

2. If dν > Θ
(

log dm∗

log log dm∗

)

then go to step 3 else go to step 4.

3.
3.1. Randomly round the fractional solution to an integral (possibly infeasible)

solution.

3.2. Remove the vectors causing infeasibility and mark them as unassigned.

4. Mark all fractionally assigned vectors as unassigned.

5. Greedily assign the unassigned vectors to new bins.

Here ν = mink∈[d] , i∈[n] v
k
i .

4 Analysis

Theorem 1. With high probability VecPack delivers a (1 + εq + O(log ε−1))-

approximate solution in polynomial time, where q = min{d, 1
ν Θ

(

log dm∗

log log dm∗

)

}
and ε > ν is a fixed number.

Proof. LP-relaxation is nothing but the same set of constraints as in Section 2
except that now we allow xij ∈ [0, 1]. Since we know that the number of bins
required can be at most n, we use binary search to pinpoint m∗ and obtain the
optimal fractional solution by solving at most log n linear programs in polynomial
time. Thus after step 1 we know the value of m∗ and a corresponding feasible
solution {x∗

ij}. Let us assume, w.l.o.g, that {x∗

ij} is a basic feasible solution.

In step 2 we verify whether dν > Θ
(

log dm∗

log log dm∗

)

. If dν is larger then

we perform randomized rounding i.e for each vector vi, i ∈ [n], which is not
completely assigned to a bin we assign it to bin j with probability x∗

ij . Let
{yij} be the random variables obtained by rounding {x∗

ij}. Define dm∗ events

ξjk ≡ “
∑n

i=1 vk
i yij > 1 + δ ” where δ > 0. Obviously the expected value

E[
∑n

i=1 vk
i yij ] ≤ 1 for all j, k. Using Lemma 1 we can make Pr[ξjk ] (≤ p) as

small as required. So, for p =
(

1
dm∗

)2
we get δ = Θ

(

log dm∗

log log dm∗

)

. Now it is easy



to see that Pr[∩m∗

j=1 ∩d
k=1 ξ̄jk ] ≥ 1− 1

dm∗
and it means that with high probability

randomized rounding yields an integral solution using m∗ bins but the size of
the bins is stretched from 1 to at most 1 + δ.

The important fact is: in each bin at most bδ/νc vectors are responsible for
stretching its size from 1 to at most 1 + δ. Thus, after step 3.2 of our algorithm
VecPack we have at most bδ/νcm∗ unassigned vectors. On the other hand if we
directly jump to step 4 in our algorithm (i.e, d is not large enough) then by the
basic feasibility of our optimal fractional solution {x∗

ij} we have at most dm∗

unassigned vectors.

In step 5, just like in [1], we use the greedy set cover algorithm to pack
unassigned vectors in new bins. So suppose we have qm∗ unassigned vectors,

where q = min{d, 1
ν Θ

(

log dm∗

log log dm∗

)

}. At each step we find the largest possible

set of vectors with up to s = d1/εe, ε > ν fixed, vectors which can be packed
together in a bin and assign them to a new bin. After taking care of all sets
with exactly s vectors we end up using at most (qm∗/s) bins. Now we can pack
at most (s − 1) of the remaining unassigned vectors in a bin. Hence, by list-
ing all possible sets containing at most (s − 1) vectors and applying the greedy
step on this list we get a packing in at most (Hs−1 · opt) bins (see [6, 2] for

complete analysis). Here Hs−1 =
∑s−1

i=1
1
i = O(log(s − 1)). Thus, we manage to

pack all vectors in at most m∗+ qm∗

s +Hs−1opt ≤ (1+εq+O(log ε−1))·opt bins. �

Step 3 of our algorithm VecPack can be easily derandomized in polynomial time
by using the method of pessimistic estimators [7]. This yields the following

Theorem 2. For a fixed ε > ν, VecPack is a polynomial time (1+εq+O(log ε−1))-

approximation algorithm, where q = min{d, 1
ν Θ

(

log dm∗

log log dm∗

)

}.

5 Remarks

Our algorithm improves on the algorithm of [1] if dν > Θ
(

log dm∗

log log dm∗

)

(clearly

ν > 0). This gives us the following upper bound on m∗

m∗ = O

(

exp(dν log dν)

d

)

. (1)

Thus, for MDBP problem instances with bounded optimum solution opt =
O(exp(dν log dν)/d) our algorithm gives better results. Furthermore, if the given
instance has at most a constant number of vectors with zero components, i.e
ν = 0, then these vectors can be pre-packed in O(1) bins. This yields a new
problem instance with ν > 0 which can be given as input to VecPack.

For a given MDBP instance, if dν > Θ
(

log dm∗

log log dm∗

)

we get an approximate

solution which is at most
(

1 + εq + O(log ε−1)
)

· opt. This approximation ratio

beats the inapproximability bound of d(0.5−η) for any fixed η > 0 [1], if for



r = ν(
√

d − O(log ε−1) − 1)/ε

m∗ = O

(

er log r

d

)

. (2)

So now we have a class of MDBP problem instances for which algorithm VecPack
beats the inapproximability bound. The instances of this class have the following
properties:

1. ν > 0, and

2. the minimum number of bins required to pack all vectors opt = O
(

er log r

d

)

,

for a suitable fixed ε > ν.

6 Conclusion

We modified and improved the previous best algorithm for multi-dimensional
bin packing. But, our algorithm is somewhat counter-intuitive because normally
vectors with zero components enable one to pack more vectors in less number of
bins. On the other hand our algorithm gives better results when ν is appropri-
ately bounded away from zero and ν comes into play because we take out some
vectors from each bin. In our opinion this method of pulling some vectors out
and repacking them does not seem to lead further. So, the important problem
of closing in on the lower bound

√
d remains open.
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